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The differential cross section for elastic electronproton scattering has been calculated taking into
account the two-photon exchange within the phenomenological description of the electromagnetic
electronproton interactions. The calculation is based on the consistent evaluation of the matrix
elements of the proton current in a diagonal spin basis, which makes it possible to naturally obtain
expressions for the generalized Sachs form factors. A new method has been proposed to indepen-
dently measure these form factors in the elastic e~p → e~p process in the case where the initial proton
at rest is fully polarized along the direction of the motion of the final proton.
INTRODUCTION
The study of electromagnetic proton form factors,
which are important characteristics of this fundamental
particle, allows better understanding of the structure of
the proton and the properties of interactions between
its constituent quarks. Experimental studies of the elec-
tric, GE , and magnetic, GM , proton form factors, the
so-called Sachs form factors, have been performed since
the mid-1950s [1, 2] in the elastic electronproton scat-
tering. In the case of unpolarized electrons and protons,
all experimental data on the behavior of the proton form
factors were obtained with the following Rosenbluth for-
mula [1] for the differential cross section for the elastic
ep → ep scattering in the laboratory reference frame,
where the initial proton is at rest:
σ =
dσ
dΩe
=
α2E2 cos
2(θe/2)
4E 31 sin
4(θe/2)
1
1 + τp
(
G 2E +
τp
ε
G 2M
)
.(1)
Here, τp = Q
2/4M2, where Q2 = 4E1E2 sin
2(θe/2) is
the square of the momentum transferred to the proton
and M is the proton mass; E1, E2, and θe are the en-
ergies of the initial and final electrons and the angle of
scattering of the electron in the laboratory reference
frame, respectively; α = 1/137 is the fine structure
constant; and ε = [1 + 2(1 + τp) tan
2(θe/2)]
−1 is the
degree of the linear (transverse) polarization of the vir-
tual photon [3–6] varying in the range 0 6 ε 6 1. The
Rosenbluth formula (1) is obtained in the one-photon
exchange approximation with zero mass of the electron.
According to the Rosenbluth formula, the main con-
tribution to the ep→ ep cross section at high Q 2 values
comes from the term proportional toG 2M , which reduces
the accuracy of the separation of the G 2E contribution.
For this reason, the use of the Rosenbluth formula to
experimentally determine the form factors GE and GM
gives significant uncertainties at Q 2 > 1 GeV2. The
method of measurement of Sachs form factors based on
Eq. (1) is called the Rosenbluth technique. The exper-
imental dependence of GE and GM on Q
2 was deter-
mined using the Rosenbluth technique. Up to Q2 ≈ 6
GeV2, this dependence is well described by the dipole
approximation
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GE ≈ GM/µp ≈ GD(Q2) = (1 +Q2/ 0.71)−2 , (2)
where µp = 2.79 is the magnetic moment of the proton.
In Eqs. (2) and (4), Q2 is given in units of GeV2. The
ratio R ≡ µpGE/GM is R ≈ 1.
Akhiezer and Rekalo [4] proposed a method for mea-
suring the ratio of the Sachs form factors based on po-
larization transfer from the longitudinally polarized ini-
tial electron to the final proton. This method involves
the following expression obtained in [4] for the ratio of
the form factors GE and GM in terms of the ratio of
the transverse, Pt, and longitudinal, Pl, polarizations of
the scattered proton:
R ≡ µpGE
GM
= −Pt
Pl
E1 + E2
2M
tan
(
θe
2
)
. (3)
High-precision experiments based on Eq. (3) were
performed at the Thomas Jefferson National Accelera-
tor Facility (JLab, United States) [7–12] for the range
0.5GeV2 6 Q2 6 8.5GeV2. It appeared that the ra-
tio R decreases linearly with increasing Q2 in the range
0.5GeV2 6 Q2 6 5.6GeV2 as
R = 1− 0.13 (Q2 − 0.04) ≈ 1−Q2/8 , (4)
which indicates that GE decreases more rapidly than
GM .
Repeated, more accurate measurements of the ratio
µGE/GM [11–13] only confirmed discrepancy with re-
sults obtained using the Rosenbluth technique. The
current status of this problem was reviewed in detail in
[14, 15].
To resolve the appearing contradiction, it was as-
sumed that discrepancy in experiments could appear
because the contribution of two-photon exchange was
disregarded in the corresponding analysis, which ini-
tiated numerous theoretical [16–22] and experimental
works [23, 24] (see also reviews [25, 26] and references
therein).
The contribution of two-photon exchange to the ep→
ep cross section for elastic scattering has already been
measured in three experiments. These are the exper-
iment at the VEPP-3 storage ring in Novosibirsk [27],
the EG5 CLAS experiment (JLab) [28], and the OLYM-
PUS experiment at the DORIS accelerator (DESY, Ger-
many) [29]. The preliminary results of works [27–29]
2show that the inclusion of the contribution of two-
photon exchange, as should be expected, can remove
contradictions to Q2 6 2 – 3 GeV2.
In view of significant discrepancies between the mea-
surements of the ratio of the Sachs form factors by two
experimental methods, it would be very important to
perform measurements by other independent methods.
A new method for the experimental measurement of
squares of the Sachs form factors was proposed in [30]
in the one-photon approximation. In this method, the
form factors G 2E and G
2
M can be determined indepen-
dently from each other from direct measurements of
cross sections for the elastic e~p → e~p process without
and with proton spin flip in the case where the initial
proton at rest is fully polarized along the direction of
motion of the scattered proton. The aim of this work
is to demonstrate that the method proposed in [30] is
also applicable in the two-photon approximation and
makes it possible to similarly measure the squares of
absolute values of the generalized Sachs form factors
|GE | 2 and |GM | 2. The proposed method appears to
be applicable because the polarization structure of the
cross sections for the e~p→ e~p process is the same in the
one- and two-photon approximations. The calculation
of the cross section in the two-photon approximation is
performed using the method of calculation of the matrix
elements of quantum electrodynamics (QED) processes
in the diagonal spin basis [31], where the little Lorentz
group [32, 33] common for two particles with different
momenta is implemented. The diagonal spin basis al-
lows naturally determining the generalized Sachs form
factors at the stage of calculation of matrix elements
of the proton current. In this case, the cross section
for the e~p→ e~p process in an arbitrary reference frame
contains only |GE | 2 and |GM | 2, i.e., is diagonalized in
the language used in [20].
DIAGONAL SPIN BASIS
In the diagonal spin basis, spin 4-vectors s1 and s2
of the protons with the 4-momenta q1 and q2 (s1q1 =
s2q2 = 0, s
2
1 = s
2
2 = −1, q21 = q22 = M2) or, correspond-
ingly, with the 4-velocities v1 = q1/M and v2 = q2/M
have the form [31]
s1 = − (v1v2)v1 − v2√
(v1v2)2 − 1
, s2 =
(v1v2)v2 − v1√
(v1v2)2 − 1
. (5)
Spin 4-vectors (5) obviously do not change under trans-
formations of the little Lorentz group common for par-
ticles with 4-momenta q1 and q2.
We consider spin vectors of the diagonal spin basis
(5) in the laboratory reference frame. In the general
case, the spin 4-vector s of a spin-1/2 particle with the
4-momentum q has the form
s = (s0, s), s0 = vc, s = c+
(c v)v
1 + v0
, (6)
where c is an arbitrarily directed three-dimensional unit
(c2 = 1) vector called the spin projection axis.
In the laboratory reference frame, where q1 = (M,0)
and q2 = (q20, q2), the spin 4-vectors s1 and s2 of the
diagonal spin basis (5) have the form
s1 = (0,n2) , s2 = (|v2|, v20 n2) , n2 = q2/|q2| . (7)
This means that the spin projection axes c1 and c2 for
the initial and final particles in the laboratory reference
frame coincide with the direction of motion of the final
particle
c1 = c2 = n2 = q2/|q2| . (8)
For the system of two particles with different mo-
menta q1 = (q10, q1) (before interaction) and q2 =
(q20, q2) (after interaction), the possibility of the simul-
taneous projection of the spins on a single common di-
rection in an arbitrary reference frame is determined by
the three-dimensional vector [32]
a = q2/q20 − q1/q10 . (9)
This result was obtained within the vector parameteri-
zation of the little Lorentz group Lq1,q2 , common for
two particles with 4-momenta q1 and q2 (Lq1q2q1 =
q1, Lq1q2q2 = q2) [32, 33].
The term diagonal spin basis is introduced because
the three-dimensional vector a given by Eq. (9) is the
difference of two vectors and is geometrically the diag-
onal of a parallelogram.
The coincidence of the little Lorentz groups for parti-
cles with the 4-momenta q1 and q2 in the diagonal spin
basis specified by Eqs. (5) is responsible for a number
of remarkable properties of this basis. In particular,
in the diagonal spin basis given by Eqs. (5), the spin
projection operators σ1 and σ2, as well as the raising
and lowering spin operators σ±δ1 and σ
±δ
2 , for the initial
and final particles coincide with each other and have
the form [34, 35]:
σ = σ1 = σ2 = γ
5sˆ1vˆ1 = γ
5sˆ2vˆ2 = γ
5bˆ0bˆ3, (10)
σ±δ = σ±δ1 = σ
±δ
2 = −1/2 γ5 bˆ±δ , (11)
σuδ(qi) = δu
δ(qi), σ
±δu∓δ(qi) = u
±δ(qi). (12)
Here, uδ(qi)=u
δ(qi, si) are the bispinors of states of the
particles (i = 1, 2); aˆ = aµγ
µ is an arbitrary Dirac
operator; γµ and γ5 are the Dirac matrices; and b±δ =
b1±i δb2 are the circular 4-vectors, where δ = ±1, b 2±δ =
0, b±δb∓δ = −2.
In Eqs. (10) and (11), to construct the spin opera-
tors, the following tetrad of orthonormalized 4-vectors
bA (A = 0, 1, 2, 3) is used:
b0 = q+/
√
q2+ , b3 = q−/
√
−q2− , (13)
(b1)µ = εµνκσb
ν
0b
κ
3b
σ
2 , (b2)µ = εµνκσq
ν
1 q
κ
2 r
σ/ρ,
where q+ = q2 + q1, q− = q2 − q1, εµνκσ is the Levi-
Civita tensor (ε1230 = 1), r is the 4-momentum of a
particle involved in the reaction different from q1 and
q2 , and ρ is determined from the normalization condi-
tions b21 = b
2
2 = b
2
3 = −b20 = −1. The coincidence of the
spin operators in the diagonal spin basis (5) makes it
possible to separate in the covariant form the interac-
tions without and with spin flip of particles involved in
the reaction and, thereby, to trace the dynamics of the
spin interaction.
3METHOD OF THE CALCULATION OF THE
MATRIX ELEMENTS OF QED PROCESSES IN
THE DIAGONAL SPIN BASIS
The amplitudes of the QED processes in the scatter-
ing channel have the form
M±δ,δ = u±δ(q2)Qinu
δ(q1), (14)
where uδ(qi)=u
δ(qi, si) are the bispinors of the initial
and final states of fermions satisfying the normalization
condition uδ(qi)u
δ(qi) = 2M , where q
2
i = M
2 (i = 1, 2),
and Qin is the interaction operator.
The matrix elements given by Eq. (14) can be re-
duced to the trace of the product of the operator:
M±δ,δ = Tr(P±δ,δ21 Qin), (15)
P±δ,δ21 = u
δ(q1)u
±δ(q2). (16)
The operators P±δ,δ21 given by Eq. (16) can be deter-
mined by a number of methods [35, 36]. In the approach
[35] used in this work, in contrast to, e.g., [36], the de-
termination of P±δ,δ21 is reduced to finding the operators
T21 and T12 such that
uδ(q2) = T21u
δ(q1), u
δ(q1) = T12u
δ(q2), (17)
which have the properties T12 = T
−1
21 and T21T12 = 1.
As a result, the operator P δ,δ21 specified by Eq. (16)
is obtained in the form
P δ,δ21 = u
δ(q1)u
δ(q1)T12 = τ
δ
1 T12 = T12 τ
δ
2 , (18)
where
τδi = u
δ(qi)u
δ(qi) = 1/2 ( qˆi +M)( 1− δγ5sˆi) (19)
are the projective operators of states of particles with
4-momenta qi and spin 4-vectors si (qisi = 0, s
2
i = −1,
i = 1, 2). The operator P−δ,δ21 given by Eq. (16) is the
product of the operators σ+δ (11) and P−δ,−δ21 (18):
P−δ,δ21 = σ
+δP−δ,−δ21 = σ
+δτ−δ1 T12 = σ
+δT12τ
−δ
2 . (20)
In the diagonal spin basis (5), T21 and T12 coincide
with each other and have the form [35]
T21 = T12 = bˆ0.
As a result, the operators P±δ,δ21 (16) are obtained in
the form [35]
P δ,δ21 = (qˆ1 +M) bˆδ bˆ0 bˆ
∗
δ/4 , (21)
P−δ,δ21 = δ(qˆ1 +M) bˆδ bˆ3/2 , (22)
where b∗δ = b−δ = b1 − iδb2, bδb∗δ = −2, b2δ = b∗2δ = 0.
The general structure of the dependence of the
squares of absolute values of the matrix elements (14)
on the polarization of particles can be established in
some cases from their general form using the symme-
tries of electromagnetic interactions. To demonstrate
this, we rewrite the matrix element (14) in the most
general form
M(δ1, δ2) ≡M±δ2,δ1 = u±δ2(q2)Qinuδ1(q1) . (23)
We introduce the polarization factors
ω+ = (1 + δ1δ2)/2, ω− = (1− δ1δ2)/2 . (24)
At δ1,2 = ±1, they have the properties
ω2± = ω±, ω±ω∓ = 0. (25)
The matrix element given by Eq. (23) satisfies the re-
lation
M(δ1, δ2) = ω+M
+δ2,δ1 + ω−M
−δ2,δ1 . (26)
In view of the properties of polarization factors ω+ and
ω− specified by Eqs. (25) at δ1,2 = ±1, we have
|M(δ1, δ2)|2 = ω+|M+δ2,δ1 |2 + ω−|M−δ2,δ1 |2. (27)
Because of the conservation of spatial parity, spin corre-
lations in Eq. (27) for the process e~p→ e~p, where elec-
trons are unpolarized, should be absent except for those
contained in ω+ and ω−. This means that |M±δ2,δ1 |2
are independent of δ1 and δ2, and the square of the ab-
solute value of the matrix element given by Eq. (23)
averaged and summed over polarizations has the form
|M(δ1, δ2)|2 = |M↑↑|2 + |M↓↑|2. (28)
MATRIX ELEMENTS OF PROTON CURRENT
IN THE ONE-PHOTON APPROXIMATION
The matrix elements of the elastic process e~p→ e~p
e(p1) + p(q1, s1)→ e(p2) + p(q2, s2) (29)
is the product of the electron and proton currents:
Mep→ep = 4παT/q
2 , (30)
T ≡ T±δ,δ = (Je)µ(J±δ,δp )µ. (31)
In the one-photon exchange approximation, the cur-
rents (Je)µ and (Jp)
µ have the form
(Je)
µ = u(p2)γ
µu(p1) , (32)
(Jp)µ = u(q2)Γ
1γ
µ (q
2)u(q1) , (33)
Γ1γµ (q
2) = F1γµ +
F2
4M
( qˆγµ − γµqˆ) . (34)
Here u(pi) and u(qi) are the bispinors of electrons and
protons with 4-momenta pi qi, respectively, where p
2
i =
m2 and q2i = M
2, having the properties u(pi)u(pi) =
2m and u(qi)u(qi) = 2M (i = 1, 2); F1 and F2 are
the Dirac and Pauli proton form factors, respectively;
q = q− = q2 − q1 is the 4-momentum transferred to the
proton; and s1 and s2 are the polarization 4-vectors of
the initial and final protons, respectively.
The cross section for the process e~p → e~p has the
form
dσ
d|t| =
πα2
4I2
|T |2
q4
, (35)
where I2 = (p1q1)
2 −m2M2 and |t| = Q2 = −q2.
The matrix elements of the proton current (33) cal-
culated in the diagonal spin basis (5) using Eqs. (15),
(21), and (22) have the form [31, 35]
(Jδ,δp )µ = 2M GE(b0)µ , (36)
(J−δ,δp )µ = −2 δM
√
τpGM (bδ)µ , (37)
4where
GE = F1 − τp F2 , GM = F1 + F2 (38)
are the Sachs form factors. Consequently, the Sachs
form factors GE and GM in the matrix elements of
the proton current corresponding to transitions with-
out, Eq. (36), and with, Eq. (37), proton spin flip in
the diagonal spin basis are factorized. Because of this
property, these form factors have a fundamental physi-
cal meaning as quantities determining the probabilities
of transitions of the proton without and with spin flip in
the case where the axes of the spin projections coincide
and have the form of Eq. (9).
In the case of unpolarized electrons, the matrix el-
ements of the proton current J±δ,δp (33) reduce the
squares of the absolute values of the amplitudes |T±δ,δ|2
(31) to the trace of the product of operators:
|T±δ,δ|2 = 2 · Tr(τe2 γµτe1γν)(J±δ,δp )µ(J±δ,δ∗p )ν . (39)
Here, the asterisk ∗ means complex conjugation and
τei = 1/2 ( pˆi +m) (40)
are the projective operators of the electron (i = 1, 2).
According to Eq. (27), the quantity |T |2 determining
the cross section (35) for the e~p → e~p process has the
form
|Tδ1,δ2 |2 = ω+|T+δ, δ|2 + ω−|T−δ, δ|2 . (41)
In the case of unpolarized particles, the spin-averaged
square of the absolute value of the amplitude |T |2 has
the form
|T |2 = |T+δ, δ|2 + |T−δ, δ|2 . (42)
CROSS SECTION FOR THE e~p→ e~p
PROCESS IN THE ONE-PHOTON
APPROXIMATION
In terms of the matrix elements of Eqs. (36) and (37),
the calculation of |T |2 (31) is reduced to the calculation
of traces
|T+δ, δ|2 = 4M2G 2E Tr((pˆ2 +m)bˆ0(pˆ1 +m)bˆ0)/2 ,
|T−δ, δ|2 = 4M2τpG 2MTr((pˆ2 +m)bˆδ(pˆ1 +m)bˆ∗δ)/2 .
The simple calculations give
|T+δ, δ|2 = G
2
E
1 + τp
Y1, |T−δ, δ|2 = τpG
2
M
1 + τp
Y2 , (43)
Y1 = (p+q+)
2 + q2+q
2
− , (44)
Y2 = (p+q+)
2 − q2+(q2− + 4m2) , (45)
where p+ = p1+p2, q+ = q1+ q2, and q− = q2− q1 = q.
We note that the quantities |T±δ, δ|2 (43) are inde-
pendent of the polarizations of protons, as mentioned
above. As a result, the differential cross section for the
e~p → e~p process in the diagonal spin basis in an arbi-
trary reference frame is given by the expression
dσδ1,δ2
d|t| =
πα2
4I2(1 + τp)
(
ω+G
2
EY1 + ω−τpG
2
MY2
) 1
q4
.(46)
Substituting δ2 = 0 into Eq. (46) and doubling the
result, we obtain the cross section for the ep→ ep pro-
cess, where all particles are unpolarized, in an arbitrary
reference frame in the form
dσ
d|t| =
πα2
4I2 (1 + τp)
(G2E Y1 + τp G
2
M Y2 )
1
q4
. (47)
This expression coincides with Eq. (34.3.3) in [37].
It is convenient to represent the expression for Y1 and
Y2 in terms of the Mandelstam variables
s = (p1 + q1)
2, t = (q2 − q1)2, u = (q2 − p1)2.
The inversion of the relation gives
p+q+ = s− u, q2+ = 4M2 − t, q2− = t, τp = −t/4M2,
from where
Y1 = (s− u)2 + (4M2 − t) t, (48)
Y2 = (s− u)2 − (4M2 − t)(t+ 4m2) . (49)
The quantity 4I2 appearing in Eq. (35) can be ex-
pressed in terms of s, t, and u in the form
4I2 = (s− (M +m)2)(s− (M −m)2) = λ(s,m2,M2),
where λ(s,m2,M2) is the Ka¨lle´n function.
The cross section given by Eq. (47) expressed in
terms of the variables s, t, and u coincides with Eq.
(139.4) in [38].
We introduce the quantities
Y3 = (p+q+)
2 + q2+(q
2
− − 4m2) , (50)
Y4 = (p+q+)
2 + q2+(q
2
− + 4m
2) , (51)
which will be used below in the case of two-photon ex-
change, as well as the variables
ε =
Y1
Y2
, ε1 =
Y3
Y2
, ε2 =
Y4
Y2
. (52)
relating to the polarization of the virtual photon. In
the case m2 → 0, we have
ε = ε1 = ε2 =
(p+q+)
2 + q2+q
2
−
(p+q+)2 − q2+q2−
, (53)
from where it is easy to obtain an expression for the
degree of linear polarization of the virtual photon ε in
the laboratory reference frame, which was defined after
Eq. (1).
MATRIX ELEMENTS OF THE PROTON
CURRENT IN THE TWO-PHOTON
APPROXIMATION
The matrix elements of the proton current in the two-
photon exchange approximation have the form
(Jp)
2γ
µ = u(q2)Γ
2γ
µ (q
2)u(q1) , (54)
where Γ2γµ (q
2) can be written in two equivalent repre-
sentations [16–22]
Γ2γµ (q
2) = H1γµ +
H2
4M
(qˆγµ − γµqˆ) + pˆ+(q+)µ
4M2
H3, (55)
Γ2γµ (q
2) = HMγµ − (q+)µ
2M
H2 +
pˆ+(q+)µ
4M2
H3 . (56)
5Here, the complex proton form factors are denoted as
HM , H1 H2, and H3 in order to have the direct relation
to the standard proton form factors GM , F1, and F2 in
the Born approximation:
H1γ1 = F1, H
1γ
2 = F2, H
1γ
M = GM , H
1γ
3 = 0. (57)
The matrix elements of the proton current (54) calcu-
lated with Eqs. (15), (21), (22), and (55) have the form
(Jδ,δp )
2γ
µ = 2M
(
H1 − τpH2 + νH3
)
(b0)µ, (58)
(J−δ,δp )
2γ
µ = −2δM
√
τp × (59)
×
(
(H1 +H2)(bδ)µ +
p+bδ
4M2
H3(q+)µ
)
.
The matrix elements of the proton current (54) cal-
culated with Eqs. (15), (21), (22), and (56) have the
form
(Jδ,δp )
2γ
µ = 2M
(
HM − τ1H2 + νH3
)
(b0)µ, (60)
(J−δ,δp )
2γ
µ = −2δM
√
τp × (61)
×
(
HM (bδ)µ +
p+bδ
4M2
H3(q+)µ
)
,
where
τ1 =
q2+
4M2
= 1 + τp, τp =
Q2
4M2
, ν =
p+q+
4M2
=
s− u
4M2
.
Comparing the matrix elements of the proton current
(58) and (60), we obtain the following expression for the
generalized electric form factor introduced in [19–21]:
GE ≡ HE + νH3, (62)
HE ≡ H1 − τpH2 = HM − τ1H2 , (63)
HM ≡ H1 +H2. (64)
In this case, the form factors HE and HM are nat-
urally transformed to GE and GM in the case of one-
photon exchange:
H1γE = H
1γ
1 − τpH1γ2 = H1γM − τ1H1γ2 =
= F1 − τpF2 = GM − (1 + τp)F2 = GE .
As a result, the matrix elements of (58) and (60) can
be represented in the form
(Jδ,δp )
2γ
µ = 2MGE(b0)µ . (65)
This expression is similar to Eq. (36) in the one-
photon approximation and, therefore, GE can be called
the generalized electric form factor of the proton. In the
case of two-photon exchange, the form factor [19, 20]
GM = HM + ενH3 = H1 +H2 + ενH3 (66)
serves as the generalized magnetic Sachs form factor.
In terms of GM , Eq. (61) has the form
(J−δ,δp )
2γ
µ = −2δM
√
τp × (67)
×
(
(GM − ενH3)(bδ)µ + p+bδ
4M2
H3(q+)µ
)
.
We note that matrix elements of Eqs. (61) and (67)
include a factor of
√
τp, which ensures the dominant
contribution to the cross section for transitions of the
proton with spin flip at τp ≫ 1; in the one-photon ap-
proximation, they are transformed to Eq. (37).
CROSS SECTION FOR e~p→ e~p SCATTERING
IN THE TWO-PHOTON APPROXIMATION
Squares of the magnitudes of the amplitudes |T±δ,δ|2
(31) calculated by the general formula (39) in an arbi-
trary reference frame using the matrix elements of Eqs.
(65) and (67) in the two-photon approximation in the
case of unpolarized electrons have the form
|T+δ,δ|2 = |GE |
2
(1 + τp)
Y1, (68)
|T−δ,δ|2 = τpY2
(1 + τp)
(
|GM |2 + ε1ε2τp(1 + τp)|H3|2
)
. (69)
If the mass of the electron can be neglected, then
ε = ε1 = ε2 =
ν2 − τp(1 + τp)
ν2 + τp(1 + τp)
. (70)
As a result, Eq. (69) at m2 = 0 has the form
|T−δ,δ|2 = τp Y2
(1 + τp)
(
|GM |2 + ε2 τp(1 + τp) |H3|2
)
. (71)
We present the useful relation between ε, ν, and τp
ν2 = τp(1 + τp)
1 + ε
1− ε , (72)
which allows reducing the term containing |H3|2 in Eq.
(71) to the form obtained in [20]
|T−δ,δ|2 = τp Y2
(1 + τp)
(
|GM |2 + ε2 1− ε
1 + ε
|νH3|2
)
. (73)
Since the contribution of the amplitude |H3| vanishes
in the Born approximation and has the smallness order
O(α), the last terms in Eqs. (69) and (71) can be ne-
glected. As a result, the cross section in the two-photon
approximation is given by an expression similar to Eq.
(46), where the Sachs form factors GE and GM are re-
placed by the generalized form factors GE and GM
dσδ1,δ2
d|t| (74)
=
πα2
4I2(1 + τp)
(
ω+|GE |2Y1 + ω−τp|GM |2Y2
) 1
q4
.
In the rest system of the initial proton,
dσδ1,δ2
dΩe
= ω+σ
↑↑ + ω−σ
↓↑, (75)
σ↑↑ = σM |GE |2, σ↓↑ = σM τp
ε
|GM |2 , (76)
where
σM =
α2E2 cos
2(θe/2)
4E 31 sin
4(θe/2)
1
1 + τp
. (77)
In Eq. (75), δ1 and δ2 appearing in ω± are doubled
projections of the spins of the initial and final protons
on the common c axis of spin projections (8), so that
−1 6 δ1,2 6 1.
According to Eq. (75), if electronproton scattering
occurs without proton spin flip (δ1 = 1, δ2 = 1), the
contribution to the cross section comes from only the
6term containing |GE |2 because the polarization factors
ω+ and ω− at |GE |2 and |GM |2 are unity (ω+ = 1) and
zero (ω− = 0). If scattering occurs with proton spin flip
(δ1 = 1, δ2 = −1), the contribution to the cross section
comes from only the term containing |GM |2, because the
polarization factors ω+ and ω− at |GE |2 and |GM |2 are
zero (ω+ = 0) and unity (ω− = 1).
In the case of unpolarized electrons and protons, Eq.
(75) gives the Rosenbluth cross section in the two-
photon approximation denoted as σR = dσ/dΩe:
σR = σ
↑↑ + σ↓↑ . (78)
Consequently, the physical meaning of the separation
into two terms in Eq. (78) containing only |GE |2 and
|GM |2 is the sum of the cross sections for processes with-
out and with proton spin flip when the initial proton at
rest is fully polarized along the direction of motion of
the final proton.
CONCLUSIONS
The differential cross section for elastic electron pro-
ton scattering e~p→ e~p, where the initial and final pro-
tons are polarized and have a common axis of spin
projections has been calculated in an arbitrary refer-
ence frame taking into account two-photon exchange
within the phenomenological description of the electro-
magnetic electronproton interactions. The resulting ex-
pression (75) for the cross section in the laboratory ref-
erence frame can be used to measure the squares of
absolute values of the generalized Sachs form factors
|GE |2 and |GM |2 in processes without and with proton
spin flip in the case where the initial proton at rest is
fully polarized along the direction of the motion of the
final proton.
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